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Abstract. Generalizing some of our earlier work, we prove natural presentations of the princi- 
pal subspaces of the level one standard modules for the untwisted afSne Lie algebras of types A, 
, D and E, and also of certain related spaces. As a consequence, we obtain a canonical complete 

set of recursions (g-difference equations) for the (multi-)graded dimensions of these spaces, and 
we derive their graded dimensions. Our methods are based on intertwining operators in vertex 
operator algebra theory. 
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1. Introduction 



This paper is a continuation of [CalLMl] and [C alLM2] . Our aim is to continue the study of the 
structures cahed principal subspaces, which had been introduced by Feigin-Stoyanovsky |FS1| . 
|FS2j . and related spaces, but now in the case of the basic (= level-one standard) modules for the 
^ ■ affine Lie algebras of types A, D and E. Specifically, we prove a generators-and-relations result 
'sj" I (a presentation) for these principal subspaces, and exploit this result to construct exact sequences 

' and recursion relations yielding their (multi-)graded dimensions (= generating functions of the 
^ . dimensions of the homogeneous subspaces, sometimes called "characters"). Our methods are 
I based on intertwining operators in vertex operator algebra theory. 

' Compared to the sl(2) case that was handled in [CalLMl] and [CalLM2"] (as well as in |CLM1] 

^ ■ and |CLM2j ). the vertex-algebraic structure associated with the principal subspaces in the 
present generality is more complex than the corresponding structure in these earlier papers, 
and this makes the proofs more subtle. For a detailed introduction to and motivation of these 
^ , ideas, including historical references, we refer the reader to [CLMlj . [CLM2j . [Callj . |Cal2| . 
I [CalLMlj and |CalLM2] . and Feigin-Stoyanovsky's papers [FSlj . [FS2] . Presentations of princi- 

pal subspaces have also been considered in |AKS| . [AK] and [FFj . and principal subspaces and 
related structures have also been studied in |P1] . [G] . [P2j . [FFJMM] and other works. 

In particular, our own interest in principal subspaces arose from the idea developed and 
implemented in [CLMlj . |CLM2] that one could "explain" the classical Rogers- Ramanuj an and 
Rogers-Selberg recursions for the "sum sides" of the Rogers-Ramanujan and Gordon-Andrews 
partition identities (cf. [A]) by means of exact sequences and recursions, constructed from 
intertwining operators in vertex operator algebra theory, associated with the principal subspaces 
of the standard sl(2)-modules. 

Let us recall the notion of principal subspace. Let g be a finite-dimensional (complex) simple 
Lie algebra of type A, D or E. Fix a dominant weight A for g and consider the standard 
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(integrable highest weight) g- module L{A). Then the principal subspace W{A) C L{A) is defined 
as 

WiA) = U{n) ■ VA, 

where is a highest weight vector of -^^(A), n C g is the Lie subalgebra of g spanned by the 
root vectors for the positive roots, and n is the appropriate affinization of n in g. Then 

W{A) ~ C/(n)/Ker /a, 

where 

/a : Uin) W{A) 

is the natural surjection that takes an element o to a ■ v\. 

Certain well-understood formal infinite sums of elements of n are well known to annihilate the 
standard module -^^(A), and thus natural truncations of these formal infinite sums lie in Ker /a- 
The nontrivial part of proving the desired presentation (the hard part) is to prove that these 
truncated sums, together with obvious additional elements, generate Ker /a- (As is typically 
the case with generators-and-relations results in mathematics, the hard part is to prove that the 
"known" relations generate all of the relations defining the structure being studied.) 

For the case g = s[(2), the appropriate presentations of the principal subspaces of the standard 
g-modules of all levels were given in |FSlj . |FS2j (and were invoked in the course of the proofs 
of the main theorems in [CLMlj . [CLM2] ). If one already has available an appropriate, explicit 
"fermionic character formula" for a standard module, then it is relatively straightforward to show 
that the formal infinite sums referred to above generate all the relations defining the principal 
subspace, and indeed, such an explicit fermionic character formula (as it came to be called) 
had been discovered in |LP2j . providing enough information to justify the desired presentation 

of the principal subspaces for the standard s[(2)-modules. The fermionic character formula in 
|LP2| was in fact proved by means of the construction of what came to be called a "fermionic 
basis" for each standard sl(2)-module. These bases, which were untwisted analogues of the 
fermionic bases constructed in |LWlj - p^W3] (and used in those works to give vertex-operator 
proofs of the Rogers- Ramanuj an identities and vertex-operator interpretations of the Gordon- 
Andrews-Bressoud identities), were motivated by the discovery and use of the formal infinite 
sums mentioned above; these formal infinite sums were used to contract natural spanning sets 
of the standard s[(2)-modules (see also [LPl] ). The harder part of the work required in [LP 2] to 
complete the proof of the main theorem constructing the fermionic bases was to prove the linear 
independence of the spanning sets that had been constructed, and as we have mentioned, the 
construction of these fermionic bases (including of course the proof of their linear independence) 
and the resulting fermionic character formulas allow one to prove the nontrivial part of the 
expected presentation result for the principal subspaces quite easily. Beyond the case of s[(2), 
it is typically difficult to construct fermionic bases in general. 

The main point our work beginning in [CalLMl] and [CalLM2"] , and continuing in the present 
paper, is to prove the nontrivial part of the presentation of the principal subspace without 
invoking a theorem (or perhaps conjecture) such as a known (or perhaps proposed) construction 
of a fermionic basis or a known (or proposed) fermionic character formula. Rather, what one 
really wants to do is to provide a priori proofs of the desired presentations of the principal 
subspaces, and then to use the presentation result in the course of the construction of exact 
sequences and recursions whose solutions will yield, as theorems, fermionic character formulas 
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and fermionic bases. When one combines the results of [CalLMl] and [CalLM2"] with those of 
[CLMlj and [CLM2j . one indeed has an a priori derivation of the desired fermionic character 
formulas, without the use of explicit fermionic bases or fermionic character formulas such as 
those derived in |LP2j. 

Specifically, the main purpose of the present paper is to give an a priori proof of the expected 
presentations of the principal subspaces of the level one standard g-modules for types A, D or 
E. Our proof is a generalization of our previous a priori proof of this presentation for the case 
g = s[(2) carried out in [CalLMl] . and our methods continue the development of the vertex- 
operator-algebraic ideas of [CalLMl] and [CalLM2] . Our arguments are quite delicate, and this 
seems to be necessary. 

When g is of type A, D ov E and the standard module L{A) is of level one, the subspace 
H^(A) can be realized inside the module Vp for the lattice vertex operator algebra Vq, where 
Q is the root lattice and P is the weight lattice of g, and it is convenient for us to use this 
well-known realization in this paper. 

The main results of this paper are, for g of type A, D or E: 

(a) Proof of the expected presentations of the principal subspaces for all the basic modules; 
that is, we explicitly describe the left ideal Ker /a, showing that its "obvious" elements 
indeed generate it (Theorem 14. 2p . 

(b) Construction of certain canonical exact sequences among the principal subspaces con- 
sidered in (a) (Theorem 15. ip . 

(c) Explicit formulas for the graded dimensions of the spaces VF(A) (CoroUarv lS.ip . 

(d) A reformulation of (a) in terms of two-sided ideals of a suitable completion of U{n) 
(Theorem 14. 3p . 

In fact, we in addition obtain analogues of these results for certain spaces that we call 
"principal-like" subspaces of the Vg-module Vp; these subspaces arose naturally, and in fact 
were required, in the course of our proofs of these results (for principal subspaces). It is inter- 
esting that these principal-like subspaces are closely related to versions of Kirillov-Reshetikhin 
modules, whose relevance to the study of principal subspaces and so on was discussed in |AK| . 

Explicit formulas such as those in (c) had already been proposed and studied in the literature, 
in particular, in [DKKMMj . [KKMMlj . [KKMM2j . pCNS] and [T], in the setting of the ther- 
modynamic Bethe Ansatz, and formulas of this type had been linked to principal subspaces in 
[FSI]-[FS2], and further, in [G], [XKS] . [CilT] and [FF.TMM ]. Motivated by [FSl], such formulas 
for the principal subspaces of certain classes of standard modules for type A were proved in ['Gj , 
and were proved by a different method more recently in [Call] for type A, level 1, a method that 
also included (a) and (b). But the main theorems in the present paper had not been proved 
before in the present generality. 

In the spirit of our earlier papers [CalLMl] . [CalLM2] (and also in the spirit of [CLMl] , 
[CLM2] ). we obtain our results referred to in (a)-(d) in an a priori way, by combining vertex- 
algebraic methods with general facts about affine Lie algebras, and without any reference to 
spanning sets or bases of VF(A), or to any fermionic formulas for graded dimensions. 

In G. Georgiev's paper [G], which appeared shortly after [FS1| . his goal was essentially com- 
binatorial, even though vertex operator techniques were extensively used; combinatorial bases of 
principal subspaces were obtained in the case of special families of standard modules of type A. 
Not surprisingly, our formulas in (c), for type A, coincide with Georgiev's formulas, although our 
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methods are quite different. (Georgiev was not concerned witli formulating or proving results 
analogous to those in (a), (b) or (d).) 

The paper by E. Ardonne, R. Kedem and M. Stone |AKS| gives, among other things, a general 
formula for the graded dimension of PF(A) for all standard modules for sl{n + 1). The method 
used to justify this formula in [AKSj is reminiscent of the method that Feigin and Stoyanovsky 
pursued in |FSlj . where a suitable dual of Ty(A) was described in terms of certain rational 
functions (see Theorem 3.4 of |AKSj ): this description can be used to give a combinatorial 
interpretation of graded dimensions. The authors of [AKS] and [AK] quote a known, natural 
presentation of a standard module, based on the formal infinite sums that we have been referring 
to, and argue that the subset of this set of formal infinite sums that relate in a direct way to 
the principal subspace must give a complete set of defining relations for the principal subspace 
(but it is a priori possible that the other relations needed for the presentation of the standard 
module could in principle contribute to further relations needed for a correct presentation of 
the principal subspace, and it seems to us that the necessity to exclude this possibility requires 
that a proof of the presentation of Vl^(A) be nontrivial). In |FF JMM] . B. Feigin, E. Feigin, 

M. Jimbo, T. Miwa and E. Mukhin prove the presentation of W^(A) for the case of s[(3), all 
levels, in the course of establishing a formula for the graded dimension. In the paper |FF| . B. 
Feigin and E. Feigin discuss lattice vertex operator algebras, and when the Gram matrix has 
only nonnegative integer entries (cf. the text before Lemma 1.1 in [FFj ) , a presentation result 
for spaces analogous to principal subspaces is asserted, and a comparison of graded dimensions 
is invoked to justify this. Principal subspaces for general lattice vertex operator algebras and 
super algebras, and their modules and twisted modules, are being studied in [MP] . 

Our paper, then, fills what appear to be some gaps in the literature concerning principal 
subspaces, but what is more interesting to us is that our methods are natural (if perhaps also 
rather subtle), and they generalize considerably, as ongoing work seems to be showing. 

We thank Eddy Ardonne and Rinat Kedem for helpful comments on an earlier version of this 
paper. 

2. Preliminaries 

Let g be a finite-dimensional complex simple Lie algebra of type A, D or E of rank I, and let 
f) be a Cartan subalgebra of g. Let {ai, . . . , a/} C f)* be a set of simple roots of g. Denote by A 
the set of roots and by A+ the set of positive roots. We use the rescaled Killing form (■, •) on q 
such that {a, a) = 2 for a £ A, where we identify f) with t)* via this form. For each root a fix a 
root vector Xa, to be rescaled later. 

Denote by Ai, . . . , A; G f) ~ ()* the corresponding fundamental weights of q (i.e., (Aj, aj) = dij 
for i,j = l,...,l). It is also convenient to set 

Ao = 0. 

Let Q = J2i=i ^ckj C f) ~ f]* and P = Yli=i C f] ~ f]* be the root and weight lattices of g, 
respectively. If g of type Ai, I > 1, we have P/Q ~ 'Ljil + 1)Z. For g of type D;, / > 4, we have 
PjQ ~ Z/4Z or PjQ ~ Z/2Z x Z/2Z, depending on whether / is odd or even. If g is -Ee, E-j or 
E^ the group PjQ is Z/3Z, Z/2Z or the trivial group, respectively. 

Consider the untwisted affine Lie algebra 

(2.1) g = 00C[t,ri] eck. 
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where k is a nonzero central element and 

for x,y G and m, n G Z. By adjoining the degree operator d {[d,x (g) t™] = m, [d, k] = 0) to 
the Lie algebra g one obtains the affine Kac- Moody algebra 5 = 0^© Cd (of. [Kj] ) . 
Set 

(2.2) II "Cxc, 



and consider the subalgebras 



n = n (g) C[t, t J, 



ta+ = n® C[t] 



and 

n_ = n (g) t"^C[t"^] 
of g. We shall frequently use the decomposition 

(2.3) U{n) = U{n-)®U{n)n+. 
The affine Lie algebra g has the decomposition 

? = ?<o ©5>o, 

where 

0<o = fl®i"^C[t-^] 

and 

?>o = £1 © C[t] © Ck. 

The form (•, •) on q extends naturally to [)©Ck©C(i, with (k, d) = 1. We shall identify [)©Ck© 
Cd with its dual space (() © Ck © Cd)* via this form. As usual, we denote by oq, ai, . . . , a; G 
([) © Ck © Cd)* the corresponding simple roots, and by Aq, Ai, . . . , A; G (t) © Ck © Cd)* the 
corresponding fundamental weights. Then (Aq, k) = 1; for i = 1, . . . , /, (Aj, k) = /cj, where ki > 1 
is the coefficient of ai in the expansion of the highest root; (Aj, aj) = 6ij for i,j = 0,...,l; and 

(2.4) (Ao,d) = 0, (A„d) = -^(Ai, A,) for i = 
Moreover, for i = 0, . . . ,1, 

Ai = X, + (A,,d)k + (Ai,k)d, 

so that in particular, Aq = d. In this paper we shall focus on the level one standard g-modules 
(also called the basic g-modules), denoted L{A), where A is one of the fundamental weights 
Aj such that (A, k) = 1. Let v\ be a highest weight vector of such a module L{A). We shall 
normalize v\ later. We view each of the basic g-modules as a g-module, where d acts according 
to (j2.4p on v\. The order of P/Q gives the number of inequivalent standard g- modules of level 
one: For q = Ai there are / + 1 level one standard g-modules: L(Ao), -L(Ai), . . . ,L{Ai). For 
Q = Di there are four such modules: L{Aq), L{Ai), L(A/_i) and L{Ai). If g is Eq there are three: 
L(Ao), L{Ai) and L{Aq). There are two basic g-modules, L{Aq) and L(Ai), when g is Ej, and 
only one such module, L{Aq), if g is E's- (Cf. [K].) 
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For each fundamental weight Aj of g such that (Aj,k) = 1 consider the principal subspace 
W{Ai) of the level one standard module L{Ai) in the sense of |FS1] - |FS2] (see also |CalLM2] 
for a natural generalization of this notion) : 

(2.5) W{A.i) = U{n)-VA^. 
By the highest weight vector property we have 

(2.6) W{Ai) = U{n^)-VA^. 
As in |CalLMl] - |CalLM2| we consider the surjective maps 

(2.7) i^A. :f/(?) L{A,) 

Restrict F\. to U{n) and denote these (surjective) restrictions by /a, : 

(2.8) fAr-U{n) W{Ai) 

a 1-^ a-VAi- 

In this paper we will give a precise description of the kernels Ker /a^, and thus a presentation 
of the principal subspaces W{Ai). 

Remark 2.1. In [CalLMl] and |CalLM2] . we used the symbol /a for the restriction of Fa to 
C/(n_) rather than to U{n), but since n is no longer abelian in general, the present maps /a are 
the appropriate ones. 

As in [CalLMl] - [CalLM2| we will sometimes use generalized Verma modules for g, in the 
sense of |Llj . |GL) and |L2] . in our formulations and proofs. The generalized Verma module 
A^(Ao) is defined as the induced g-module 

(2.9) N{Ao) = U{3)^u(S>o)<Cvl, 

where g (8) C[t] acts trivially and k acts as the scalar 1 on Cv^^^; vj^^ is a highest weight vector. 
More generally, for any fundamental weight Aj such that (Aj,k) = 1, define the generalized 
Verma module 

(2.10) N{Ai) = U{g) (^uQ>o) ^ U{5<o) ® 

where Ui is a copy of the finite-dimensional irreducible g-module U{q) -VAi C L{Ai)^ with highest 
weight vector now called v^,, and where g ® tC\t\ acts trivially and k by 1. We view all these 
generalized Verma modules as g-modules, where d acts according to (12. 4p on v^,. Continuing to 
generalize |CalLMl] - |CalLM2] . we introduce 

(2.11) W^(A,) = f/(S).<=.[/(n_).<, 

the principal subspace of A^(Aj); this is naturally an n © [} © Ck © Cd-submodule of A^(Aj). We 
have the natural surjective g-module maps 

(2.12) <:f/(?) N{Ai) 

N 

a I— > a ■ v^. 
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and their restrictions to U{n), 

(2.13) f^-.Uin) W^{A,) 

N 

where (Aj,k) = 1. For such fundamental weights Aj we have the natural surjective g-module 
maps 

(2.14) Ha. : N{Ai) L{Ai) 

a-vf^ ^ a- 

for a ^ U(g,) and their restrictions to W^{Ai), 

(2.15) TTA, : VF^(A,) W{Ai); 

these are U{n © f) © Ck © Cd)-module surjections. 

Throughout this paper we will write x{m) for the action of x (8) t*" G g on any 5- module, for 
X € and m € Z. In particular, we have the operator Xa{rn), the image of Xa^f^, for a € A. 
Sometimes we will write x{m) for the Lie algebra element x(^f^ itself; it will be clear from the 
context whether x(m) is an operator or a Lie algebra element. 

Now we recall the constructions of lattice vertex operator algebras and their modules from 
Section 7.1 and Chapter 8 of |FLM2j (cf. Sections 6.4 and 6.5 of [LLJ). We work in the setting 
of [LLj . adapted to our situation. Consider f) = f) C[t,t^^] © Ck and its irreducible induced 
module 

(2.16) M{l) = U (1)) 0c/(.,®C[t]©Ck) C, 

where f) (S)C[i] acts trivially and k acts as 1 on the one-dimensional module C. The space M(l) 
can be identified with the symmetric algebra ^(t)-), where 

We shall fix s > and a central extension P of the weight lattice P (and by restriction this 
gives a central extension of the root lattice Q) by the finite cyclic group (k) = (k | = 1) of 
order s, 

1 ^ (k) ^ P^P 1, 

satisfying the condition (|2.17p below. Let cq : P x P — > Z/sZ be the associated commutator 
map, so that aba^^b^^ = ^^0(1,6) fgj- a,b G P, let € be a primitive s^^ root of unity, and 
define the map c : P X P — . by c(q, (3) = uT^'^''^^ for a,(3eP. Then c(-, •) is an alternating 
Z-bilinear map from P x P to the multiplicative group C ^ . We assume the condition 

(2.17) c(a,/3) = (-1)<"''^> for a,(3eQ; 



there indeed exists s > together with such a central extension P (see Remark 6.4.12 in [LL] ). 

Define the faithful character x '■ (i^) — ^ by the condition x('^) = '^s, and denote by C{P} 
the induced P-module C[P] <X)c[(k>] where C-^ is the one-dimensional space C viewed as a 
(K)-module (i.e., k ■ 1 = Vg)- Then the space 

Vq = M{1)0C{Q} 
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carries a natural vertex operator algebra structure, with 1 as vacuum vector, and the space 

Vp = M(l) (g) C{P} 

is a Vg-module in a natural way, as specified in [FLM2j and Sections 6.4 and 6.5 of [LL] . in 
particular. Theorems 6.5.1, 6.5.3 and 6.5.20 of |LL] . For the "well known," but nontrivial, 
natural uniqueness of these structures of vertex operator algebra and module, see Remark 6.5.4, 
Proposition 6.5.5, Remark 6.5.6 and Remark 6.5.25 of [LL]. 

We recall certain features of this structure from ^LLj . For convenience, choose a section 

(2.18) e:P — > P 

a I— > e^, 

normalized by the condition eo = 1, and denote by eo : -P x P — > Z/sZ the corresponding 
2-cocycle, defined by the condition 6^6/3 = k'^°^"'^'^ ea+p for a, (3 & P. Define e : P x P — > 
by e(Q,/3) = i/g"^"'^'*. Then for any q,/3 S P we have 

(2.19) €{a,(3)/e{P,a) = c{a,/3) 
and 

(2.20) e(a,0) = e(0,a) = 1. 

The choice of the section ()2.18p allows us to identify C{P} with the group algebra C[P], viewed 
as a vector space, by the linear isomorphism 

(2.21) C[P] — > C{P} 

for a G P, where, for a G P, we set i{a) = a 1 G C{P}. The action of P on C[P] is given by 
Ca ■ = e(a, /3)e"^^, k ■ = i^^e^ for a,P & P, and as operators on C[P] ~ C{P} we have 

(2.22) 606/3 = e{a,(3)ea+i3- 

We also have the identification C[Q] ~ CjQ} and the identifications 

Vq = M(l) ^ C[Q] 

and 

Vp = M(l) ®C[P]. 

For /i G [) and n G Z, we have the standard operators h{n) on Vp (recall formulas (6.4.47) 
and (6.4.48) in [LL]), providing Vp with f)-module structure. The module Vp for the vertex 
operator algebra Vq is the direct sum of the irreducible Vg-modules M(l) (gi C[(5]6^', where i 
ranges through the indices such that (Aj, k) = 1. For alH = 0, . . . , Z, including those for which 
(Ai,k) = 1, set 

(2.23) Vqe^' = M{l)^C[Q]e^\ 
For A G P we have the vertex operator 

(2.24) Y{L{ex),x) = E-{-X,x)E+{-X,x)exx^ 
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(see formula (6.4.65) in |LL] ) . where 

^±(-A,x) =exp ( J2 ^^x-A G {EndVp)[[x,x-^]] 

\±n>0 " / 

and the operator is defined by 

x^{v i(e/3)) = x^^^^\v t(e/3)) 

for V € M{1) and /3 G P. Using the identification (j2.2ip we we shall write Y{e^,x) instead of 
Y{L(ex),x), for convenience. In particular, for any a G A we have the operators Xa{fn) defined 
by 

(2.25) y(e°,x) = ^xa(r 



[m)x ™ ^. 



These operators together with the action of f) give Vp a g-module structure, and we identify 
Xa{Q) with the root vector Xa G g. Recall from Proposition 6.4.5 of |LL] that 



(2.26) x'-ep = x^'-^P'tp 
and 

(2.27) A(m)e/3 = epX{m) 

for all A,^ G P and m G Z. Using (I239D . 0:22]) and ^TM - ^TFl^ we obtain, for a G A, 

(2.28) Xaim)ei3 = c(a, (3)ei3Xa{m + {a, 13)). 
We take 



2 

i=l 



for the standard conformal vector, where . . . , n^^'^} is an orthonormal basis of \) (recall 

formula (6.4.9) in [LL] ) . so that the operators L[n) defined by 



(2.29) Y{oj,x) = Y,L{ 



n]x " ^ 



provide a representation of the Virasoro algebra of central charge /. 

For each fundamental weight Aj with ( Aj , k) = 1 we may and do identify the level one 
standard 0- module L(Aj) with the irreducible Vg-submodule Vqe^^ of Vp (recall ()2.23p ). so that 
in particular L(Ao) = Vg, and we take as its highest weight vector 

(2.30) VK^=e^^- 
in particular. 

For Q = Ai, the irreducible L(Ao)-modules (up to isomorphism) are L(Ao), . . . , L{Ai). For q = Di 
the spaces L{Aq), L(Ai), L{Ai^i) and L{Ai) are the irreducible L(Ao)-modules. For q = Eq, 
L{Aq), L(Ai) and L{Aq) are the irreducible L(Ao)-modules. When q = E^, L{Aq) and L{Ai) 
are the irreducible -L(Ao)-modules, and for q = Eg, L{Aq) is the only irreducible L(Ao)-module. 
(See [D], IDL], [DLM] and [LL] .) 
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The generalized Verma module A^(Ao) carries a natural structure of vertex operator algebra 
with as vacuum vector and with central charge / (see Theorem 6.2.18 in |LLj ). and for each 
fundamental weight Aj such that (Aj,k) = 1 the spaces N(Ai) are naturally modules for A^(Ao) 
(see Theorem 6.2.21 of [LLjV 

If (Aj,k) > 1, then e"^' € Vp is not a highest weight vector for g, but it is a highest weight 
vector for n in the sense that it is annihilated by tx-|- and its span is preserved by f) © Ck © Cd. 
We shall use the notation 

(2.31) v^^ = e^' 

for i = 0,. . . ,1, so that v\- agrees with the highest weight vector va,. if (Aj,k) = 1. We now 
generalize the notion of principal subspace as follows: We define 

(2.32) W{Xi) = U{n) ■ vx^ C Vp 

for each i = 0, . . . ,1, and we call these the principal-like subspaces. More generally, for any X £ P 
we have the principal-like subspace 

(2.33) W{\) = U{n) • C Vp. 
We also have the principal-like subspace 

(2.34) W^{X,) = U{n) (^u(n^) C< ^ U{n^) • <, 

where Vy is a highest weight vector for n and i = 0, . . . ,1; if (Aj, k) = 1 we take Vy to be the 
vector vj^. used in (|2.1ip . We view W^{Ai) as an n © [) © Ck © Cd- module, as in ()2.1ip . where 
(), k and d act on as they do on c^'. 

Remark 2.2. For each fundamental weight Aj with (Aj,k) = 1 the principal-like subspace 
W{Xi) agrees with the principal subspace W{Ai), and W^{Xi) agrees with W^{Ai). 

Standard arguments show that W{Xo) is a vertex subalgebra of L{Ao) and that each W{Xi), 
i = 0, ... ,1, is a module for this vertex algebra. Moreover, each W{Xi) is preserved by L{0) and 
by the action of f). 

Generalizing (|2.8p . ()2.13p and (j2.15p we have the natural maps 



(2.35) 


/a. 


:C/(n) 

a 1-^ 


W{X^) 


(2.36) 


fN 


:U{n) 
a 


VF^(A.) 


(2.37) 




W{X,) - 


W{Xi 



a-vx, ^ a-vxi, 



where a € U(n), for i = 0, . . . ,1. 

Remark 2.3. Note that the maps /a,, fx and ttx^ indeed agree with the maps /a-, fj^. and 
TTA- , respectively, when (Aj,k) = 1. 
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Recall from formula (5.1.5), Remark 5.4.2 and Proposition 5.4.7 of |FHL] the (nonzero) in- 
tertwining operator 

(2.38) y{-,x) : Vp ^Hom {Vq,Vp)[[x,x-^]] 
defined by 

(2.39) y{w, x)v = e'^^^^^Yiv, -x)w, w eVp, v £ Vq, 

where L{—1) is the usual Virasoro algebra operator (recall (j2.29p ). In particular, we have 

(2.40) yie^\x):VQ^Vp{{x)) 
for i = 0, . . . ,1. By a standard argument (cf. [CLMl] ). 

[xa{m),y{e^\x)]=0 

for all i. We denote the constant term (the coefficient of x^) of y{e''^\x) by yde'^^x). Then we 
have a surjection 

(2.41) yc{e^\x) : W{Xo) W{Xi), 

since this map sends vxg to vx^ and yde^^jx) commutes with the action of n. Thus 

(2.42) Ker/Ao CKer/A,. 

Indeed, let a G C/(n) such that a G Ker fx^; then a ■ e^" = 0. By applying the map (|2.4ip and 
using its properties we have a • e^' = 0, and thus a £ Ker /a-. 

Remark 2.4. The Vg-module Vp has a structure of an abelian intertwining algebra, as defined 
and described in Chapter 12 of |DL| . The intertwining operators (j2.38p and (|2.40p are operators 
in this abelian intertwining algebra, or more precisely, the restrictions of these intertwining 
operators to individual sectors corresponding to the cosets of Q in P are the operators that are 
part of the abelian intertwining algebra, modulo certain normalizations. 

The vector space Vp has a natural grading defined by the action of the standard Virasoro 
algebra operator L{0) introduced earlier, referred to as the grading by weight. In particular, we 
have 

wt = ^(A,A) 

for any A G P, and 

wt Xa{m) = —m 

for any a G A and m G Z. The L(0)-eigenspaces of Vp coincide with the eigenspaces for the 
negative —d of the degree operator d (with the same respective eigenvalues). There are also / 
gradings by charge on Vp, given by the eigenvalues of the operators Aj = Aj(0), i = 1, . . . ,1. We 
will refer to these as the Xi- charge gradings. The weight and charge gradings are compatible. 
For any m G Z, Xai{m), viewed as either an operator or as an element of U{n), has weight 
—m and charge 6ij with respect to Xj. Also, e'^' has charge (Aj,Aj) with respect to Xj. We 
define total charge as the sum of the Aj-charges. We restrict these gradings to the principal-like 
subspaces W{Xi) for i = 0, . . . , /, and in particular to the principal subspaces W{Ai), and we 
give the spaces W^{Xi) and W^{Ai) the analogous gradings. 
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Remark 2.5. Just as in [CalLMl] - |CalLM2j . we have that Ker /a^ and Ker t:\. are graded by 
weight and by Aj-charge for j = 1, ... ,1, and these gradings are compatible. More generahy, 
this assertion holds for Ker f\. and Ker 'kx^ for each i = 0, . . . , Z. 

3. Ideals and morphisms 
We consider the following formal infinite sums of operators: 

(3.1) R\= ^ Xa^{'mi)xo,^{m2), t £ Z, i = l,...,l; 

mi+m2=—t 

each R\ acts naturally on any highest weight g-module and more generally on any n-module on 
which the formal sum terminates when applied to any vector. We truncate R\ as follows: 

(3.2) R-i,t= ^ Xo,Xmi)xa^{m2) 

mi,m,2< — 1, m\+m2=—t 

for t £ Z (so that R^i t = unless t>2) and z = 1, . . . , L When g = s[(2), and thus only z = 1 is 
relevant, these are the formal sums introduced in [CalLMlj and denoted by R^. We shall often 
be viewing R^i f as an element of U{n), and in fact of U{n-), rather than as an endomorphism 
of a 0- module. Note that Rl and R^_^ ^ have weight t, charge 2 with respect to Aj, and charge 
with respect to Xj for j ^ i- In this paper we will give two statements for presentations of the 
principal subspaces W{Ai), where Aj is a fundamental weight such that (Aj,k) = 1, and, more 
generally, of the principal-like subspaces W{Xi), < i < I. One statement involves left ideals of 
U(n) generated by elements of type (j3.2p . while the other statement uses two-sided ideals of a 
certain completion of U{n), ideals generated by the formal infinite sums ()3.ip . 

Let J be the left ideal of U{n) generated by the elements R^_i^t for i > 2 and i = 1, . . . ,1: 

I 

(3.3) J = Y,Y.^in)B'-i,f 

i=l t>2 

By analogy with the corresponding constructions in [CalLMl"] - [CalLM2j (which involved U (n_)), 
we set 

(3.4) ho = J + U{n)n+ C U{n) 
and 

(3.5) /a, = J+C/(i^)S++C/(i^)x„,(-l) =/Ao + f/(S)x«,(-l) C [/(n), i = l,...,l. 

Remark 3.1. Since in this paper we are concerned with more general structures than the 
principal subspaces of the level one standard g-modules, and since these structures, W{Xi), are 
indexed by the fundamental weights of g rather than the fundamental weights of g, we use the 
notation Ix. rather than Ia-. Note that the ideals Ix^ and J^i a-re the same as /aq ^Ai in 
[CalLMlj modulo U{n)n+. 

Remark 3.2. The left ideals Ix^, i = 0,...,l, are graded by weight and by Aj-charge for 
j = and these gradings are compatible. 
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For any \ G P and character i' : Q 



C* , we define a map ta^^ on n by 



r\,u{xa{m)) = u{a)xc,{m - (A, a)) 

for a € A_|_ and m € Z. It is easy to see that T\^y is an automorphism of n. We will distinguish 
an important special case when u is trivial (i.e., v = \): We set 

The map T\^i, extends canonically to an automorphism of f7(n), which we also denote by Tx^y, 
so that 

(3.6) Tx,u{xi3^{mi) ■ ■ ■ xi3^^{mk)) = y{l3i H V f3k)xp^{'mi - {X, (3i)) ■ ■ ■ Xf3^{mk - (A,/?fc)) 

for Pi, . . . , Pk G and mi , . . . , G Z. 

Such automorphisms (or translations) generalize certain shift maps that appeared in our 
previous work [CalLMlj - [C^M2 ] (recall [CalLMlj . (3.20) and [CalLM2] . (4.27)). Notice that 
for any A, // € P and any characters v and v' on Q, we have 

(3.7) Tx,uT^,y = Tx+^,,uu' and t^J, = T^x,,y~^- 

Recall the (multiplicative) commutator map c(-,-) on P X P, satisfying c(a,/3) = (-l)^"'/^) for 
a, P G Q. For X £ P, the map 

(3.8) cx{a) = c{a, X), a^Q, 
is a character on Q. 

Remark 3.3. Assume that a £ U{n) is a nonzero element homogeneous with respect to the 
weight and Aj-charge gradings. For any A € P and character u on Q, tx,v{cl) and T^^(a) are also 
homogeneous and have the same Aj-charge Ui as a. Moreover, 

(3.9) wt TXi,u[o) = wt a + nj, 

(3.10) wt T^^^{a) = wt o — rij. 
In particular, if > then 

(3.11) wt TXi^y{a) > wt a, 



Proof: Because Ix^ is a homogeneous ideal, it is sufficient to consider tx^. By (j3.2p and (j3.6p . 
for each t > 2 we have 




wt ^(a) < wt a. 
, I and character v we have 



n,(P-i,t) = R-i,t+2 + ax„,(-l), 

where a G C/(n) , and 
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Note that for any /? € A_|- and m > 0, X[^{m) can be expressed as a linear combination of 
monomials of the form Xq,,^ (mi) ■ ■ ■ Xq,^^ (m/;) such that > and On , • • • , ctrj. are simple 
roots. If 7^ i we have 

T\,{xa,^{mi) ■ ■ ■ Xar^iruk)) G U{n)n+ 

and if rfc = z we have 

T\,{xar-,{mi) ■ ■ ■ Xa,^{mk)) G U{n)n+ + U{n)xa,{-1), 
whether rrik > or = 0. Thus 

r,^(C/(n)n+)c/A,. 
This completes the proof of (I3.13p . □ 
Consider the weights 

(3.14) uJi = ai-XieP 

and the automorphisms r^j- of U{n) for i = 1, . . . ,1. These weights and certain maps associated 
with them played an important role in [Call] (see [Callj . (4.12)). For any character v on Q, 
define the linear map 

CT.„.:^(S) C/(n) 

a ^ T^^^^{a)xa^{-1). 

This map is injective. To simplify the notation, we will write 

Lemma 3.2. For every i = 1, . . . ,1 and character v we have 

(3.15) ^.„.(/aJc/ao. 

Proof: Because the ideal I\. is generated by homogenous elements, as in the previous lemma we 
may assume that is trivial. Let a G U{n). Then 

cru,,iaxa,i-l)) = T<^,(a)xa,(-2)x„,(-l) e J C h^. 

Thus we have 

(3.16) a.,(^(n)x„,(-l)) C/ao. 
Next we show that 

(3.17) (Tu;A^/3{m)) e ho 

for any /? G A+ and m > 0. As in Lemma |3. II it is enough to show that (j3.17p holds for Xaj (m), 
where aj is a simple root and m > 0. We shall use the fact that for any a, /3 G A such that 
a + /? G A we have [x^, xp] = Ca^pXa+p, where Ca,i3 7^ 0. For any m G Z we have 

{Xa, {m - l)xa^ (-1) if i = j 

Xaj {m + 1)2:0,^ (-1) if i / i and aij = -1 
Xaj{m)xai{-1) if « / J and Oij = 

For m > 0, 

Xa,{m - l)Xa^{-l) = Xa,{-l)Xa,im - 1) G /aq, 

Xa^{m + l)Xa,(-l) = Caj,a,Xa,+aj{m) + (- l)Xa^. (m + 1) G /aq if i / J, aij = -1, 
Xa^{m)Xai{-l) = Xa^(-l)Xa^(m) G /aq if « / J, Oij = 0, 



VERTEX-ALGEBRAIC STRUCTURE OF PRINCIPAL SUBSPACES 



15 



and so cr^.{xaj{m)) E /aq. Thus (13.170 holds and we have 

(3.19) f7^,(C/(n)n+) C/ao- 
We now show that 

(3.20) a^,(J) C/ao- 

Since J is the left ideal of U (n) generated by R-'_'^ ^ for t € Z and j = 1, it is sufficient to 
show that 

(^u^AR-i,t) e ho for t G Z, i = 1, . . . , L 

For i = j, we have 

(3.21) c7^Al^_,^t) = XaA-m-w + ax^^{-lf G /ao, 

where a G U(n). 

If i 7^ j and Ojj = 0, we have 

(3.22) <^.AR-i,t) = RU,t^aA-^) = x^^{-l)R\^ G /ao- 

If i 7^ j and aij = —1, then + Qj G A+ and 2aj + aj ^ A, and thus [xaXm),Xa^+aj {n)] = 
for any m, n G Z. Then for any t G Z we have 

<7uiiiRti^t) = Xaj{mi + l)3;Q,j.(m2 + l)xa,(-l) 

mi,m2< — 1, mi+m2=— t 

(3.23) = ^ Ca^,a,a;Q,j("ii + 1) ("12 ) 

mi,m2< — 1, mi-|-m2=— t 

(3.24) + Yl 

{mi)xa^{m2 + 1) 

mi,m2< — 1, mi+m2=— t 

(3.25) +Xa^{-1) ^ Xo^.(mi + l)xo^.(m2 + 1). 

m,i,'m2< — l, mi+m2=—t 

The last term on the right-hand side is of the form 

(3.26) XaX—l)R'_n_2 + a, where aGC/(fi)ti+ 

(and this is true even if t = 2 or t = 3) and thus this term is in Jaq. We rewrite (|3.23|) as follows: 

mi,m2< — 1, mi+Tn2=—t 

(3.27) = Caj,aiXaj(fi)Xai+aj 

{-t + 1) + ^ Ca^^a,Xajirni)Xai+aj{m2). 

mi,m2< — 1, mi+m2=—t+l 

Similarly, 

C'q,^,q,2;o^+Qj (w-Oxq,^. (m2 + 1) 

mi,m2< — 1, m,i+m,2=—t 

(3.28) =C„^,a,x«,+«^.(-t + l)x„^.(0)+ C7„^. {mi)xaj{m2). 

mi,m2< — 1, mi+m2=—t+l 

Notice that 

(3.29) [RU^t_„XaM] = RU,t-i^aM - x^MR-i,t-i e J + U{n)n+ = 
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and that, on the other hand, 

(3.30) [Rl,^,_„x^M] 

mi,m,2< — l, m\+m2=—t+l 

{mi) Xa J {1712). 

mi,m2< — 1, mi+m2=— 1+1 

Combining (j3.26p - (|3.30p we obtain, for any t S Z (in particular, for t >2), 

(3.31) '7a;,(-Rii,t) e /ao if and Uij = -1. 

By dMID, (13:22]) and (lOTD we obtain (l3:20D . Combining (I3J6I1 . (I3T^ and (l3:20]l we obtain 
the inclusion (j3.15p . □ 

Consider the composition a^jiTx^- As a consequence of Lemmas 13.11 and 13.21 we obtain: 

Corollary 3.1. For every i = 1, . . . , / and characters v and v' on Q we have 

(3.32) ^^„.rA,,.'(A„) C/ao- □ 
For any X € P recall the linear isomorphism 

e\:Vp — > Vp. 

In particular, since 

ex, ■ vxo = vxi 

(recall (|2.3ip and (|2.20p l. we have linear isomorphisms 

(3.33) exr-W{Xo) ^W{Xi) for i = l,...,l, 
given explictly as follows: Since 

ex^Xaim) = c{a, —Xi)Xa{m — {a, Xi))ex, for a G A+ and m € Z 
(recall (H^H])), we have 

(3.34) ex,{a-vxo)=Tx,,c_^.{a)-vx,, aGC/(ti). 

Generalizing the corresponding constructions in |CalLMl] - |CalLM2j . we construct a linear lifting 

(3.35) eT, : W^(Ao) W^^(A,) 
of each map (j3.33p . in the sense that the diagram 



W{Xo) W{Xi) 
will commute, for i = 1, by taking 

(3.36) er,(« • <o) = ^A„c_,^(a) • < for a G C/(n_); 

the map ex- is well defined since W^{Xo) is a free [/(ti_)-module. 
We have: 
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Corollary 3.2. For i = 1, . . . ,1, 

(3.37) ei:,(/Ao-<o)C^A-<. 

Proof: Let a G Ix^. We may assume that a £ U{n^). Indeed, since a G U(n) we can write 
a = b + c, where b G U(n)n+ and c 6 C^(S-) (recall (j2.3p ). and since b G Ix^, c G Iaq as well. 
Now by applying (j3.36p and Lemma |3. II to the element a G Iaq ^ ^i^-) obtain the inclusion 
(13371) . □ 

Recall the weights = — Aj, i = 1, . . . , /. We now consider the linear isomorphism 

(3.38) e^, -.Vp^Vp 

and its restriction to the principal-like subspace W{Xi). Since, by (j2.28p . 

^u)^Xa{m) = c(q, —uJi)Xa{m — {a,uji))euii for a G A+ and m G Z 

and 

euj, ■ vx, = ■ e^' = e(a;j, Ai)e"' = e(a;j, Ai)3;„^ (-1) • vx^, 

we have 

(3.39) 6^^,(0 -uaJ = e(wi, Ai)T^^,c_^,(a)2;a,(-l) • = e(t^i, Aj)(T^^,c_^^ (a) • 
for a G C^(n), giving us a linear injection 

(3.40) e^, : W(\i) W{\q) 
for i = 

4. Presentations of the principal subspaces 

In this section we prove natural presentations of the principal subspaces of the level one 
standard modules for g, where g is of type Ai, I > 1, Di, I > 4, Eq, and Eg (Theorem 14. 2p . 
More generally, we prove natural presentations of the principal-like subspaces W{Xi) C Vp for 
i = 0, . . . ,1 (Theorem l4.ip . In order to obtain these results we generalize the proof of Theorem 2.2 
(which is equivalent to Theorem 2.1) of [CalLMl] . Following [Callj . we give a reformulation of 
the presentations of the principal subspaces, and more generally, of the principal-like subspaces, 
in terms of ideals of a certain completion of the universal enveloping algebra U{n) (Theorem 
14. Sp , and we show that Theorem 14.11 implies Theorem 14. 3[ 

First we state: 

Theorem 4.1. For every i = 0, . . . ,1, we have 

(4.1) Ker/A, =/a„ 
or equivalently, 

(4.2) KervTA, =/a-<. 

(To see that (|4.2p implies that Ker /a- C Ia,, we use the direct sum decomposition (|2.3p .) 

Recall that when (Aj,k) = 1, the principal-like subspace W{Xi) agrees with the principal 
subspace W{Ai) of the level one standard module L{Ai), and /a- and tta- agree with the maps 
fAi and TTA-, respectively (cf. Remarks 12.21 and 12. 3p . As a particular case of Theorem 14.11 we 
have the following presentations of the principal subspaces W{Ai): 
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Theorem 4.2. For any fundamental weight Aj such that (Aj,k) = 1, 

(4.3) Ker/A^=lA„ 
or equivalently, 

(4.4) KervTA, =/,^.<. 



Proof of Theorem \4.1\ ' For each j = 1,. . . ,1, the square of the vertex operator y(e"^, x) is well 
defined and equals zero on Vp and hence on each W{Xi). Thus y(e"J , x)^ = J2t& Rt^^~'^ equals 
zero on W{\i) (recall so that i?^ = on W{\i) for each t € Z. This combined with the 

highest weight vector property of and the fact that 

Xa,{-1) ■V\^=G if i > 

(which follows from (12.240 ) implies that 

/a, CKer/A,, 

and so 

■ '^Z ^ Ker VTA, 
for i = 0, . . . ,1. We will now prove the inclusions 

(4.5) Ker^A. C /a, • < for i = 0, . . . , /. 

We first claim that (j4.2p with i = 1, . . . ,1 follows from (j4.2p with i = 0, whose truth we now 
assume. Let i > and let a ■ Vy £ Ker ttx., where a € U{n). Then a ■ vx. = in W{Xi), and so 

in Ty(Ao), by (|33iD . Thus 

^K^,c.^^ («) ■ ^ ^Ao = ho ■ vxo- 
Now by Corollary 13.21 we have 

«'^.(-A-:c_,/«)-<)e/A.-<, 

and from (j3.36p we get 

O'-^Z^hr'^Z i = l,...,l. 

This proves our claim. 

As in |CalLMl] - |CalLM2| we will use a contradiction argument to prove the inclusion 

(4.6) Ker^Ao C/a„ 

which is all that remains to prove. Suppose then that there exists a G U{n) such that 

(4.7) a-vZeKernx, but a-<, ^/ao'^. 

We may and do assume that a is homogeneous with respect to the weight and Aj-charge gradings 
(recall Remarks 12.51 and 13. 2p . The element a is certainly nonzero, and it is also nonconstant 
because otherwise, a ■ v^^ ^ Ker ttaq. Using this and the decomposition (|2.3p . we further see 
that a has positive weight, since otherwise, a would be an element of U{n)n^ and hence of Ixq- 
Denote by n the total charge of a, namely, n = ni + ■ ■ ■ + ni, where rij > is the Aj-charge 
of a for i = 1,. . . ,1. Note that n > 0; otherwise, a is constant. Take n to be the minimum 
total charge for all the homogeneous elements a satisfying ()4.7p . Among all the homogeneous 
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elements of total charge n satisfying ()4.7p . we choose a to be an element of the smallest possible 
(necessarily positive) weight. Fix any index i for which m > 0. 
We claim that a Ix.. Assume then that 

(4.8) a^h,. 

Since a ■ v^^ G Ker ttaq, a G Ker fx^ C Ker fx^ (see (|2.42D ). Then a ■ vx, = in W{\i), and so 

^A,(^A~!c_;,^(«) • ^Ao) = a • ^^A, = 0, 
by (|3.34p . This implies that (a) • vx^ = 0, or equivalently, that 

(4.9) r,-;^_^^(a)-< GKervTAo. 
Also, 

otherwise, we would have rr^ (a) € Ixq (from (j2.3p ) and so by Lemma 13.11 we would get 
a G Ix^, contradicting (j4.8p . The elements rr^ (a) and a have the same Aj-charge for each j, 
and hence the same total charge n, and 

(4.11) wt t7\ (a) < wt a, 

it — 

by Remark 13.31 Now f)4.9p . ()4.10p and ()4.1ip contradict our choice of a and thus we get 

(4.12) aG/A.. 

Since I^. = /aq + f^('^)2;oi (~1)) there exist h G /ao a-^id c G C/(fi) such that 

(4.13) a = 6 + cx„,(-l). 

We may and do assume that h and c are homogeneous with respect to the weight and Aj-charge 
gradings. Note that h has the same weight and the same total charge n as a; the total charge of 
c is n — 1; and also, wt c = wt a — 1. 
We now claim that 

(4.14) crc,^(_l) e/;^^. 
Assume that (j4.14p does not hold. Then 

(4.15) r-!c_.Xc)-<^/Ao-<o- 
Indeed, from (j3.7p we have 



and 

a^j-^^{c) = r^^(T_^^(c))a;„^(-l) = cXo^(-l), 

so that 

and Corollary O yields r"^, (c) /a,,; thus (liTKI) holds. By (E^Hl), for / G U{n) 
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as operators, so that 

da^Talc^Xc) ' ^Ao) = ce„^ ' ^Aq = ce"*' = cj;„,(-l) • vxo = {a-b)- vxo = 0, 

and so 

(4.16) -r-!c_^(c)-< SKerTTAo- 

Also, by Remark [3.3l t~^^^_^ (c) is homogeneous and has the same total charge as c, namely, n—1. 
Thus (j4.15p and (j4.16p contradict our choice of the element a, and so we have cx^, (— 1) G /aq; 
proving our claim ()4.14p . 

It follows that a G /aq • This shows that our initial assumption is false, and therefore we have 

KeiTTXo C ho ■ Vxo- □ 

Remark 4.1. We now comment on the similarities between the proofs of Theorem 14.11 in this 
paper and Theorem 2.2 of [CalLMl] . which deals with the 5[(2) level one case. Note that when 
g = s[(2) the principal-like subspaces coincide with the principal subspaces. One difference 
between these two proofs is that here we use U{n) rather than U{n-) (which was sufficient for 
the s[(2) case because n is abelian), and this simplifies the argument somewhat. In the proof of 
Theorem 14. 1 1 the claim that a G Ix^ shows that there is in fact a homogeneous element lying in 
U(n)xa^{—1) and in addition having all the properties of a, since cXq,-(— 1) has the same weight 
and charge as the element a and, in addition, it satisfies (j4.7p . When q = sl{2) this claim is 
similar to the one that appears in the proof of Theorem 2.2 of [CalLMl] , with U{n) replaced by 
U{n-). Also, the proof of (j4.14p follows the lines of the last part of the proof of Theorem 2.2 of 
[CalLMl] . except that here our minimal counterexample involves charge as well as weight. In 
the sl{2) 

ic-a ^"1' respectively, in this paper are the same as r and e°' o e"' , 
respectively, in [CalLMl] . and so in the s((2) case, it was not necessary to minimize charge as 
well as weight. 

Recall from [Call] the two-sided ideal, denoted by J', of U{n), the completion of U{n) in the 
sense of [LW3 ] or [MPl], generated by the elements for all t G Z and j = 1, . . . ,1, where the 
Rl are defined in (jS.ip . The decomposition (|2.3p implies: 

(4.17) Ui^) = U{n^) + [/'(S)fi+. 

We now give a different description of the ideals Ker f\., and more generally, Ker /a-, in 
terms of the two-sided ideal J': 

Theorem 4.3. The annihilator Kei /aq in U{n) of the highest weight vector of L{Kq) is described 
as follows: 

(4.18) Ker /a„ = J modulo [/(sjs+. 
Moreover, for the principal-like subspaces W{Xi), i = 1, . . . ,1, we have: 

(4.19) Ker fx, = J + ?7(tx)x„^(-l) modulo ?7(sjs+. 
Proof. The inclusions 

J' C Ker /aq modulo f7(tx)fl+ 
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and 

:/ + U{n)xa^ (-1) C Ker /a, modulo 
follow from the definition of the ideal J7, the first paragraph of the proof of Theorem 14. 1^ and 

Observe that 

(4.20) J Cj modulo U{^+. 

Let a € Ker /aq- By Theorem 14.21 and (|3.4p we have a € J + ?7(n)ti-|-. Then by (j4.20p we have 
a G J' modulo J7(t\)n+. This proves the inclusion 

Ker C modulo {7(n)n+, 

and thus (liTSll . Now let a G Ker /a,, i 7^ 0. Using Theorem ([331) and K20\\ we obtain the 
inclusion 

Ker /a, C J' + ?7(ti)xa,(-l) modulo U{n)n+, 
and so formula ()4.19p holds. □ 

5. g-DIFFERENCE EQUATIONS 

In this section we will use the presentations proved in Theorems 14.11 and 14.21 in order to 
construct canonical exact sequences for the principal(-like) subspaces. As a consequence we 
derive g-difference equations (recursions) for the (multi-)graded dimensions of these subspaces 
and by solving these equations we obtain explicit formulas for the graded dimensions of the 
subspaces. Since the proofs of the results in this section use exactly the same arguments as the 
proofs of the corresponding results in [CLMlj . |CLM2j and |Call| . we will only sketch the proofs 
here. 

Using the injection (13.40p and the surjection ()2.4ip . associated to the relevant intertwining 
operators, we obtain: 

Theorem 5.1. For every i = 1, ... ,1 we have the following short exact sequence of maps among 
principal-like subspaces: 

(5-1) > W{Xi) WiXo) iM!^ wiXi) > 0. 

In particular, for each fundamental weight Aj o/g such that (Aj,k) = 1 we have the following 
short exact sequence among principal subspaces: 

(5-2) > W{Ai) T^(Ao) i^^i^^ w{Ai) > 0. 

Proof: The proof follows the same lines as in jCLMl| - [CLM2j . or more specifically, as in |Call| . 
The main step is the exactness of the chain complex at the middle, and this is where the 
presentation result. Theorem 14.11 (or Theorem 14. 2p . is used. In fact, the key steps, easily proved 
from the above, are: 

Ker3^c(e^%x) = Ker fx, -waq, 

so that by Theorem 14. H 

KeTy^{e^\x) = hrVXo, 

whereas 

Im e^^ = U{n)xa,{-1) ■ vxq, 
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and these spaces agree, by ()3.5p . □ 

Combining the short exact sequence (jS.ip with two additional maps, which are isomorphisms 
(recall (j3.33p ). we obtain the diagram 







W{Ao) 
W{\i) 



V(Aof^^W(A.) 



0, 



W{Ao) - 

and thus another formulation of Theorem I5.H which uses only the principal subspace VF(Ao) 
(note that e^- is proportional to e^j^ex., by (j2.22p ): 



Theorem 5.2. For every i = 1, . . . ,1 we have the following short exact sequence: 







W{Ao) 



W{Ao) 



W{Ao) 



0. 



□ 



As we recalled in Section 2, the vector space Vp and its subspaces VF(Aj) and W{Xi) are 
graded by weight and charge, and these gradings are compatible. We consider the multi-graded 
dimension of the principal-like subspace W{Xi), for each i = 0, . . . ,1: 



where xi, . . . ,xi and q are commuting formal variables and L{0) is the standard Virasoro algebra 
operator, introduced earlier. Note that 



Xw{Ao){xi,...,xi;q) G C[[xi, . . . ,xi,q]]. 

As in [CLM2j . in order to avoid the multiplicative factors xf^^'^^'^ ■ ■ 
following slightly modified graded dimensions: 



(A,,A,>^i(A„A,>^ we use the 



(5.3) 



for z = 1,. . . ,/, so that x'h/(a,)(^1' ■■■,xi;q) £ C[[xi, . . .,xi,q]] (and Xw(Xo) = Xw(Ao))- 
Using the isomorphism (j3.33p - (13.34p and (13.91) . we easily obtain 



(5.4) 



Xvi/(A,)(2^i' ■■■^xi;q) = Xw{Ao)ixi^ • • • > XiQ^ ■■■,xi]i 



for i > 0. 

Following |Call| (see also |CLM1| and |CLM2j ). from Theorem 15.11 (or equivalently from 
Theorem 15. 2p we obtain a canonical system of g-difference equations for the graded dimension 
of the principal subspace W{Aq): 

Theorem 5.3. We have the following system of q- difference equations for i = 1, . . . ,1: 

Xw(Ao)ixi^ ■■■,xi;q) = Xiy(Ao)(a;i' • • -^^iQ^ ■■■,xi;q) + {xiq)xwiAo)i^il"'"' ^ ■ ■ ■ ,xiq"'";q), 
where M = {mij)i<:i j<:i is the Cartan matrix of q. □ 
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Remark 5.1. The first term on the right-hand side comes from the map 3^c(e^Sa;) combined 
with (j5.4p : the factor Xiq in the second term comes from the fact that e^. • vx^ = e"% which has 
Aj-charge 5ij and weight 1; and the expressions Xiq"^'^ come from (I3.6j) with A = Oj, together 
with the analogue 

ea.(a • WAo) = Ta,,c_,.(a) • a e U{n) 

of (US]). 

For any m, . . . , > we define fnu...,ni{q) G C[[q']] by: 

XW{Ao)(.Xl,...,Xn,q) = ^ • • -x"'. 

ni,...,n;>0 

As in [Callj . it is straightforward to show that the system of ^-difference equations obtained in 
Theorem 15.31 has a unique solution in C[[xi, . . . , x/, g]] with the initial condition /o,...,o(^) = 1 
(/o,...,o(9) being the graded dimension of the subspace consisting of the elements of charge zero 
with respect to Ai, . . . , A/), and to generate the solution. As usual, for any nonnegative integer 
n set 

Following the same argument as in the proof of Corollary 4.1 in [Call] , we obtain from 
Theorem 15.31 using the I equations in succession, the (multi-)graded dimension of the principal 
subspace VF(Ao); then we invoke (|5.4p to obtain the (multi-)graded dimensions of the principal- 
like subspaces W{Xi) for i > 0: 

Corollary 5.1. Let M = {mij)Kij<i be the Cartan matrix of q. We have 
(5-5) XwiAo){xi,---,xi;q) = ^ 



q 2 



, , iq)ni ■ ■ ■ {q)ni ^ 

n=(ni,...,n;) 



ni ni 

1 



(where each nj >0). Moreover, for i = 1, . . . ,1, 



(5.6) xW{A.)(^i'---'^''^) = 5Z 77a ° 

n=(ni,...,nO ^^^"^ ' ' ' 

Remark 5.2. Combining ()5.6p with (|5.3p gives us Xw{Xi) for i = 1, . . . , L 

As we mentioned in the Introduction, such formulas have been also studied in [DKKMM] . 
[KKMMlj . |KKMM2j . [KNS], [T], |FS1], [ESS], [G], [MS], [CalT] and [FFJMMj . 

References 

[A] G. Andrews, The Theory of Partitions, Encyclopedia of Mathematics and Its Applications, Vol. 2, 
Addison-Wesley, 1976. 

[AK] E. Ardonne and R. Kedem, Fusion products of Kirillov-Reshetikhin modules and fermionic multiplicity 

formulas, J. Algebra 308 (2007), 270-294. 
[AKS] E. Ardonne, R. Kedem and M. Stone, Fermionic characters of arbitrary highest-weight integrable 

Slr-i-i-modules, Comm. Math. Phys. 264 (2006), 427-464. 

[B] R. E. Borcherds, Vertex algebras, Kac-Moody algebras, and the Monster, Proc. Natl. Acad. Sci. USA 
83 (1986), 3068-3071. 

[Call] C. Calinescu, Intertwining vertex operators and certain representations of s[(n). Comm. in Contemp. 

Math. 10 (2008), 47-79. 



24 



C. CALINESCU, J. LEPOWSKY AND A. MILAS 



Pure Appl. Algebra 210 
subspaces of 



[Cal2] C. Calinescu, Principal subspaces of higher-level standard s[(3)-modules, J. 

(2007), 559-575. 

[CalLMl] C. Calinescu, J. Lepowsky and A. Milas, Vertex-algebraic structure of the principal 
certain ^4^^'- modules, L level one case, International J. of Math. 19 (2008), 71-92. 

[CalLM2] C. Calinescu, J. Lepowsky and A. Milas, Vertex-algebraic structure of the principal subspaces of 
certain ylf '-modules, II: higher level case, J. Pure Appl. Algebra 212 (2008), 1928-1950. 

[CLMl] S. Capparelli, J. Lepowsky and A. Milas, The Rogers- Ramanujan recursion and intertwining operators. 
Comm. in Contemp. Math. 5 (2003), 947-966. 

[CLM2] S. Capparelli, J. Lepowsky and A. Milas, The Rogers-Selberg recursions, the Gordon- Andrews iden- 
tities and intertwining operators. The Ramanujan Journal 12 (2006), 379-397. 

[DKKMM] S. Dasmahapatra, R. Kedem, T. R. Klassen, B. M. McCoy and E. Melzer, Quasi-particles, conformal 
field theory and q-series. Int. J. Mod. Physics B7 (1993), 3617. 

[D] C. Dong, Vertex algebras associated with even lattices, J. Algebra 160 (1993), 245-265. 

[DL] C. Dong and J. Lepowsky, Generalized Vertex Algebras and Relative Vertex Operators, Progress in 

Mathematics, Vol. 112, Birkhauser, Boston, 1993. 

[DLM] C. Dong, H.-S. Li and G. Mason, Regularity of rational vertex operator algebras. Advances in Math. 
132 (1997), 148-166. 

[FF] B. Feigin and E. Feigin, Two dimensional current algebras and affine fusion product, 

arXiv:math/0607091 

[FFJMM] B. Feigin, E. Feigin, M. Jimbo, T. Miwa and E. Mukhin, Principal sla subspaces and quantum Toda 

Hamiltonian, larXi v:0707.1635 
[FSl] B. Feigin and A. Stoyanovsky, Quasi-particles models for the representations of Lie algebras and 

geometry of flag manifold; arXiv:hep-th/9308079 
[FS2] B. Feigin and A. Stoyanovsky, Functional models for representations of current algebras and semi- 

infinite Schubert cells (Russian), Funktsional Anal, i Prilozhen. 28 (1994), 68-90; translation in: 

Fund. Anal. Appl. 28 (1994), 55-72. 
[FFR] A. Feingold, I. Frenkel and J. Ries, Spinor construction of vertex operator algebras, triality and e'^\ 

Contemporary Math. 121, 1991. 
[FHL] I. Frenkel, Y.-Z. Huang and J. Lepowsky, On axiomatic approaches to vertex operators and modules. 

Memoirs Amer. Math. Soc. 104, 1993. 
[FLMl] I. Frenkel, J. Lepowsky and A. Meurman, A natural representation of the Fischer- Griess Monster 

with the modular function J as character, Proc. Natl. Acad. Sci. USA 81 (1984), 3256-3260. 
[FLM2] I. Frenkel, J. Lepowsky and A. Meurman, Vertex Operator Algebras and the Monster, Pure and Appl. 

Math., Vol. 134, Academic Press, New York, 1988. 
[GL] H. Garland and J. Lepowsky, Lie algebra homology and the Macdonald-Kac formulas. Invent. Math. 

34 (1976), 37-76. 

[G] G. Georgiev, Combinatorial constructions of modules for infinite-dimensional Lie algebras, I. Principal 

subspace, J. Pure Appl. Algebra 112 (1996), 247-286. 
[K] V. Kac, Infinite Dimensional Lie Algebras, 3rd edition, Cambridge University Press, 1990. 

[KKMMl] R. Kedem, T. R. Klassen, B. M. McCoy and E. Melzer, Fermionic quasi-particle representations for 

characters of {G^^^)i x (G<^>)i/(G'<^')2, Physics Lett. B304 (1993), 263-270. 
[KKMM2] R. Kedem, T. R. Klassen, B. M. McCoy and E. Melzer, Fermionic sum representations for conformal 

field theory characters, Physics Lett. B307 (1993), 68-76. 
[KNS] A. Kuniba, T. Nakanishi and J. Suzuki, Characters of conformal field theories from thermodynamic 

Bethe Ansatz, Modern Physics Lett. A8 (1993), 1649-1660. 
[LI] J. Lepowsky, Existence of conical vectors in induced modules. Annals of Math. 102 (1975), 17-40. 

[L2] J. Lepowsky, Generalized Verma modules, loop space cohomology and Macdonald-type identities, 

Ann. Sci. Ecole Norm. Sup. 12 (1979), 169-234. 
[LL] J. Lepowsky and H. Li, Introduction to Vertex Operator Algebras and Their Representations, Progress 

in Mathematics, Vol. 227, Birkhauser, Boston, 2003. 
[LPl] J. Lepowsky and M. Prime, Standard modules for type one affine algebras. Lecture Notes m Math. 

1052 (1984) 194-251. 



VERTEX-ALGEBRAIC STRUCTURE OF PRINCIPAL SUBSPACES 25 

[LP2] J. Lepowsky and M. Prime, Structure of the standard modules for the affine algebra A^^\ Contemp, 

Math. 46, American Mathematical Society, Providence, 1985. 
[LWl] J. Lepowsky and R. L. Wilson, Construction of the affine Lie algebra j45^^\ Comm. Math. Phys. 62 

(1978) 43-53. 

[LW2] J. Lepowsky and R. L. Wilson, A new family of algebras underlying the Rogers- Ramanuj an identities, 

Proc. Nat. Acad. Set. USA 78 (1981), 7254-7258. 
[LW3] J. Lepowsky and R. L. Wilson, The structure of standard modules, L Universal algebras and the 

Rogers- Ramanuj an identities. Invent. Math. 77 (1984), 199-290. 
[LW4] J. Lepowsky and R. L. Wilson, The structure of standard modules, II: The case A''^\ principal 

gradation. Invent. Math. 79 (1985), 417-442. 
[Li] H.-S. Li, Local systems of vertex operators, vertex superalgebras and modules, J. Pure Appl. Algebra 

109 (1996), 143-195. 

[MPl] A. Meurman and M. Prime, Annihilating ideals of standard modules of s/(2,C) and combinatorial 
identities. Adv. in Math. 64 (1987), 177-240. 

[MP2] A. Meurman and M. Prime, Annihilating fields of standard modules of sl(2,C) and combinatorial 

identities. Memoirs Amer. Math. Soc. 137 (1999). 
[MP] A. Milas and M. Penn, in preparation. 

[PI] M. Prime, Vertex operator construction of standard modules for An\ Pacific J. Math. 162 (1994), 

143-187. 

[P2] M. Prime, (fc, r)-admissible configurations and intertwining operators, in: Lie Algebras, Vertex Op- 

erator Algebras and Their Applications, ed. by Y.-Z. Huang and K. C. Misra, Contemp. Math., Vol. 
442, Amer. Math. Soc, 2007, 425-434. 

[T] M. Terhoeven, Lift of dilogarithm to partition identities, |arXiv:hep-th/9211120[ 



Department of Mathematics, Ohio State University, Columbus, OH 43210 
Current e-mail address: corina.calinescu@yale.edu 

Department of Mathematics, Rutgers University, Piscataway, NJ 08854 
E-mail address: lepowsky@math.rutgers.edu 

Department of Mathematics and Statistics, University at Albany (SUNY), Albany, NY 
12222 

E-mail address: amilas@matli.albany.edu 



